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Abstract
Let X ( PNC be an n-dimensional nondegenerate smooth projective
variety containing an m-dimensional subvariety Y . Assume that either
m >
n
2
and X is a complete intersection or that m ≥ N
2
, we show
deg(X)|deg(Y ) and codim〈Y 〉Y ≥ codimPNX, where 〈Y 〉 is the linear span
of Y . These bounds are sharp. As an application, we classify smooth
projective n-dimensional quadratic varieties swept out by m ≥ [n
2
] + 1
dimensional quadrics passing through one point.
1 Introduction
We work over the complex number field C. Varieties in this paper are assumed
to be irreducible, unless otherwise stated. Let X ( PN be an n-dimensional
nondegenerate smooth projective variety. For a closed subvariety Y ⊆ X , we
denote by 〈Y 〉 its linear span. It turns out that in general Y has not bigger
codimension in 〈Y 〉 than X does in PN . We shall show that codim〈Y 〉Y ≥
codimPNX if dim(Y ) is big enough. More precisely, we have the following:
Theorem 1.1. Let X ( PN be a nondegenerate smooth projective variety of
dimension n and let Y ⊆ X be a subvariety of dimension m. Assume that either
(i) X is a complete intersection in PN , and m > n2 ; or
(ii) m ≥ N2 .
Then deg(X)|deg(Y ), and codim〈Y 〉Y ≥ codimPNX.
These bounds are sharp as shown by complete intersections of two hyper-
quadrics (see Section 3).
A subvariety X ⊆ PN is called quadratic if X is the scheme theoretic inter-
section of quadric hypersurfaces. We say that X is swept out by m-dimensional
quadrics passing through a point if there is a fixed point x0 ∈ X such that for
a general point x ∈ X , there exists an m-dimensional quadric Qx satisfying
x0, x ∈ Qx ⊆ X . Recall that Hartshorne Conjecture ([Ha]) says that if X ⊆ PN
is a smooth projective variety of dimension n > 2N3 , then X ⊆ P
N is a complete
intersection. If X is quadratic, then this conjecture is proved by Ionescu and
Russo in [IR].
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As an application of Theorem 1.1, we obtain the classification of quadratic
varieties swept out by quadric hypersurfaces of dimension [n2 ] + 1, providing a
slight improvement of [Fu, Prop. 3].
Theorem 1.2. Let X ( PN be an n-dimensional nondegenerate smooth projec-
tive subvariety swept out by quadric hypersurfaces of dimension [n2 ] + 1 passing
though a fixed point of X. Assume that either Hartshorne Conjecture on Com-
plete Intersection holds or that X ⊆ PN is a quadratic variety, then X ⊆ PN is
projectively equivalent to one of the following :
(a) a quadric hypersurface;
(b) the Segre 3-fold P1 × P2 ⊆ P5;
(c) the Plu¨cker embedding G(1, 4) ⊆ P9;
(d) the 10-dimensional spinor variety S10 ⊆ P15;
(e) a general hyperplane section of (b) or (c).
By Proposition 3.1, the bound [n2 ] + 1 in Theorem 1.2 is sharp.
The paper is organized as follows. In Section 2, we prove Theorem 1.1 and its
corollaries. In Section 3, we study complete intersections of two hyperquadrics,
which shows that the bounds in Theorem 1.1 are sharp. In Section 4, we prove
Theorem 1.2.
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2 Subvarieties of small codimension
For a variety X in a projective space PN , denote by 〈X〉 the linear span of X
in PN . Let Y, Z ⊆ PN be two closed subschemes. Let I(Y ) and I(Z) be the
homogeneous ideal of Y and Z respectively. Denote by Y ∩schZ (resp. Y ∩Z) the
closed subscheme of PN defined by the homogeneous ideal I(Y )+I(Z) (resp. the
radical homogeneous ideal
√
I(Y ) + I(Z), and we call it the scheme-theoretic
intersection (resp. the set-theoretic intersection) of Y and Z.
Proof of Theorem 1.1. (i) By the Lefschetz theorem (see, for example, [Ha,
Thm. 2.1(a)]), the natural morphism φ : H2n−2m(PN ,Z) → H2n−2m(X,Z)
is an isomorphism. Let L˜ be a general (N+m−n)-dimensional linear subspace.
Then [Y ] = rφ([L˜]) ∈ H2n−2m(X,Z) for some positive integer r. Since the
degree is a homological invariant, deg(Y ) = rdeg(X).
Assume dim(L) < N−n+m, where L = 〈Y 〉. Take Y ′ to be a subvariety ofX
of maximal dimension satisfying dim(L′) < N − n+ dim(Y ′), where L′ = 〈Y ′〉.
Let Y ′′ = L′ ∩ X and m′′ = dim(Y ′′). Then dim(L′) < N − n + m′′ and
n
2 < m ≤ m
′′ ≤ n − 1. Let c = n − m′′. Take any c hyperplanes H1, . . . , Hc
2
containing L′ such that dim(
c⋂
i=1
Hi) = N − c. Denote by X0 = X , L0 = PN ,
Ls+1 = Ls ∩ Hs+1, and Xs+1 = Xs ∩ Hs+1 for each 0 ≤ s ≤ c − 1. By
induction on s and the choice of Y ′, for each 0 ≤ s ≤ c − 1, Xs is of pure
dimension n− s and each component of it is nondegenerate in Ls. Then Xc =
Xc−1 ∩ Hc = X ∩ Lc is of pure dimension m′′. We can choose H1, . . . , Hc
satisfying that Lc ∩ X ) L′ ∩ X , i.e. Xc ) Y ′′. Hence, Xc is reducible.
Denote by Xc =
t⋃
i=1
Wi, where these Wi are the irreducible components of Xc.
By the Lefschetz theorem, ψ : H2c(PN ,Z) → H2c(X,Z) is an isomorphism.
Thus, there is a positive integer ri such that [Wi] = riψ([Lc]) ∈ H
2c(X,Z)
for each i. In particular, deg(Wi) = rideg(Lc ∩sch X). On the other hand,
deg(Lc ∩sch X) ≥ deg(Xc) =
t∑
i=1
rideg(Wi) and t ≥ 2, which is a contradiction.
(ii) By the Barth-Larsen theorem in [BL], the natural morphismsHi(PN ,Z)→
Hi(X,Z) are isomorphisms for i ≤ 2n−N . An argument similar to (i) proves
the conclusion.
Remark 2.1. It should be noticed that there was similar results due to Zak by
another approach. Let X ( PN be a nondegenerate smooth projective variety
of dimension n and let Y ⊆ X be a subvariety of dimension m. Denote by
L = 〈Y 〉 and r = dim(L). Then by [Za, Prop. I. 2.26], r < minn− 1, n−12 .
Corollary 2.2. Let X ( PN be a nondegenerate smooth projective variety of
dimension n and L ⊆ PN be a linear subspace of dimension r. Assume that
either
(i) X is a complete intersection in PN , and r > N − n2 ; or
(ii) r ≥ 3N2 − n.
Then L∩schX is irreducible, it has multiplicity one on the unique irreducible
component, and dim(L ∩X) = r + n−N . In particular, L * X.
Proof. (i) Denote by L∩X =
t⋃
i
Wi, whereWi are the irreducible components of
L∩X . We have dim(Wi) ≥ r+n−N >
n
2 . By Theorem 1.1(i), N−n+dim(Wi) ≤
dim〈Wi〉 ≤ r. Thus, dim(Wi) = r + n − N , i.e. L ∩ X is of pure dimension
r + n − N . Then deg(X) = deg(L ∩sch X) ≥
t∑
i=1
deg(Wi) ≥ t deg(X), where
the last inequality follows from Theorem 1.1. Hence, t = 1 and deg(W1) =
deg(L ∩sch X), i.e. L ∩X is irreducible and has multiplicity one on the unique
irreducible component.
(ii) By Theorem 1.1(ii), an argument similar to the proof of (i) proves the
conclusion.
Remark 2.3. The bounds r > N − n2 and r ≥
3N
2 − n in Corollary 2.2 are not
optimal to guarantee L * X . In fact, if X is an n-dimensional projective man-
ifold which is not a projective space, then X does not contain linear subspaces
of dimension greater than [N−12 ] (see [Za, Cor. I. 2.10]).
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Now we want to study the cases with deg(X) = deg(Y ), where Y is a
subvariety of X of small codimension. A projective variety X ⊆ PN is called a
projective hypersurface if X is a hypersurface in 〈X〉.
Corollary 2.4. Let X ⊆ Pn+1 be a nondegenerate smooth hypersurface. As-
sume that X contains an m > n2 dimensional projective hypersurface Y , then
deg(X) = deg(Y ).
Proof. We can assume that Y 6= X . Let L = 〈Y 〉. By Corollary 2.2, L * X
and L ∩X = Y . Hence, deg(Y ) ≤ deg(L ∩sch X) = deg(X). By Theorem 1.1,
deg(X) ≤ deg(Y ). Hence, deg(X) = deg(Y ).
3 Smooth complete intersection of two hyperquadrics
The main result of this section is the following:
Proposition 3.1. Let X ⊆ Pn+2 be a smooth complete intersection of two
hyperquadrics X1 and X2.
(i) X does not contain any m = [n2 ] + 1 dimensional quadric.
(ii) If n is even and m = n2 , then for a general point x ∈ X, there is an
m-dimensional quadric Qx satisfying that x ∈ Qx ⊆ X.
(iii) Assume n ≥ 3. Let x0 ∈ X be an arbitrary fixed point and m = [
n−1
2 ].
Then for a general point x ∈ X, there is an m-dimensional quadric Qx satisfying
that x0, x ∈ Qx ⊆ X.
Remark 3.2. From Proposition 3.1, we see that the bound in Theorem 1.1(i) is
sharp, and when N is even, the bound in Theorem 1.1(ii) is also sharp. On the
other hand, consider the Grassmann variety G(1, 4) ( P9 parametering lines in
P4. Let H be a hyperplane in P4. Denote by X = G(1, 4) and Y = G(1, H).
Then dim(X) = 6, dim(Y ) = 4, deg(X) = 5 and deg(Y ) = 2. Moreover, X is
nondegenerate in P9. This shows that when N is odd, the bound in Theorem
1.1(ii) is also sharp.
For a variety X , denote by Xsm and Sing(X) the smooth locus and the
singular locus respectively.
Lemma 3.3. Assume that X ⊆ PN is an n-dimensional complete intersection
of hypersurfaces X1, . . . , Xc, where c = codimPN (X). Let i1, . . . , iν ∈ {1, . . . , c}
be any ν distinct numbers and let Z be the complete intersection of Xi1 , . . . , Xiν .
Then Xsm ⊆ Zsm, i.e. X ∩ Sing(Z) ⊆ Sing(X).
Proof. Let S = k[t0, . . . , tN ] be the homogeneous coordinate ring of PN . Then
I(Xi) = (fi) and I(X) = (f1, . . . , fc). At any regular closed point x ∈ Xsm, the
rank of the matrix (∂fi
∂tj
)c×(N+1) is c, hence the rank of the matrix (
∂fil
∂tj
)ν×(N+1)
is ν. Therefore, x ∈ Zsm.
Lemma 3.4. Assume that X ⊆ PN is an n-dimensional smooth complete in-
tersection of hypersurfaces X1, . . . , Xc, where c = codimPN (X) and deg(X1) =
4
· · · = deg(Xc) = d. Let Z1, . . . , Zt be general t ≤ c hypersurfaces of degree d
containing X. Denote by Z the complete intersection of Z1, . . . , Zt. Then Z is
smooth.
Proof. Let σ be the linear system of hypersurfaces of degree d containing X .
Then the base locus of σ is just X .
If t = 1, then Sing(Z1) ⊆ X by the Bertini’s theorem. We can choose
other c − 1 hypersurfaces Z1,2, . . . , Z1,c of degree d containing X such that
X is the complete intersection of Z1, Z1,2, . . . , Z1,c. Then Lemma 3.3 implies
Sing(Z1) ⊆ Sing(X) = ∅, i.e. Z1 is smooth.
Assume t ≥ 2 and the conclusion holds for t − 1. Let W be the complete
intersection of Z1, . . . , Zt−1. Then W is smooth by induction. The restriction
on W of σ gives a linear system σ′ with base locus X too. Since Zt is general,
Sing(Zt ∩sch W ) ⊆ X by the Bertini’s theorem, i.e. Sing(Z) ⊆ X . By Lemma
3.3, Sing(Z) ⊆ Sing(X) = ∅, i.e. Z is smooth.
Let X ⊆ PN be a projective variety, and take a fixed point x ∈ X . Denote
by Lx,m(X) = {L ∈ G(m,N)|x ∈ L ⊆ X}, where G(m,N) is the Grassmann
variety parameterizing m-dimensional linear subspaces in PN . If x ∈ X is a
smooth point, then let TxX be the embedded affine tangent space of X at x.
Denote by TxX the closure of TxX in PN .
Lemma 3.5. If X ⊆ Pn+1 is a hyperquadric with dim(X) = n ≥ 2, and m
is a positive integer such that m ≤ [n2 ], then for any point x ∈ X, we have
TxX ∩X =
⋃
L∈Lx,m(X)
L.
Proof. Induction on m. The case m = 1 is trivial.
Assume m > 1, then n ≥ 4. If x ∈ Xsm, then TxX ∩ X is a cone over an
(n− 2)-dimensional quadric X ′ with the vertex x (see for example, [Ru, Prop.
2.2]). By induction, for any point x′ ∈ X ′, Tx′X ′ ∩ X ′ =
⋃
L′∈Lx′,m−1(X
′)
L′.
In particular, Lx′,m−1(X
′) 6= ∅. Take L′ ∈ Lx′,m−1(X ′). Let L = 〈x, L′〉 be
the linear subspace spanned by x and L′, then x′ ∈ L ∈ Lx,m(X). Hence,
TxX ∩X =
⋃
L∈Lx,m(X)
L.
If x ∈ Sing(X), then X is a cone with x being a vertex and TxX ∩ X =
X . Take a general hyperplane section X˜ with x /∈ X˜ . We can deduce that
TxX ∩ X =
⋃
L∈Lx,m(X)
L by taking the same argument as above where X ′ is
replaced by X˜.
Proposition 3.6 ([Sa], Main Thm.). Let X ⊆ PN be a smooth projective variety
of dimension n ≥ 2. Assume that m is an integer such that m ≥ n2 . If for
each point x ∈ X, there is an m-dimensional linear subspace Lx satisfying
x ∈ Lx ⊆ X, then X is one of the following three cases:
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(i) a Pn−d-bundle over a d-dimensional smooth projective variety S where a
general linear subspace Lx is in the fiber of the canonical projection and
n
2 ≤
d ≤ n;
(ii) an even-dimensional smooth hyperquadric;
(iii) the Grassmann variety G(1,m+ 1) parameterizing lines in Pm+1.
Proof of Proposition 3.1. Let S be the homogeneous coordinate ring of Pn+2
and I(X1) = (f1), I(X2) = (f2). By Lemma 3.4, we can assume that X1 and
X2 are both smooth.
(i) It is just a special case of Theorem 1.1.
(ii) Assume n to be even. f1, f2 are quadratic forms and they uniquely
correspond to symmetric coefficient matrices A1 and A2, respectively. The
equation det(λ1A1 + λ2A2) = 0 has a solution for some [λ1, λ2] ∈ P1. Equiva-
lently, there is a singular hyperquadric X3 containing X . Thus, Xi 6= X3, and
X = Xi∩schX3 for i = 1, 2. By Lemma 3.3, X ⊆ (X3)sm and X∩Sing(X3) = ∅.
In particular, dim(Sing(X3)) ≤ 1. However, OX3(X) = l
∗OPn+2(X1) is an am-
ple Cartier divisor on X3, where l : X3 → Pn+2 is the natural inclusion. Thus,
dim(Sing(X3)) = 0. So X3 has only one singular point p, and p /∈ X .
Take any x ∈ X , then x ∈ (X3)sm. Let X ′3 = H ∩X3, where H is a general
hyperplane of Pn+2 passing through x. Then X ′3 is smooth. By Lemma 3.5,
there exists an n2 -dimensional subspace L
′ of H such that x ∈ L′ ⊆ X ′3. Let
L = 〈p, L′〉 be the linear subspace spanned by p and L′ in Pn+2. Then L ⊆ X3
and x ∈ L ∩sch X1. Moreover, L ⊆ X1, or dim(L ∩sch X1) =
n
2 .
We claim that if x ∈ X is general, then L * X1, L∩schX1 is irreducible, and
it has multiplicity one on the unique irreducible component. Otherwise, for a
general point x ∈ X , there is an n2 -dimensional linear subspace Lx satisfying that
x ∈ Lx ⊆ X . On the other hand, Chown
2
,1(X) is a projective scheme, where
Chown
2
,1(X) is the Chow variety parameterizing effective algebraic cycles of
dimension n2 and degree 1 onX . Hence, for an arbitrary point x ∈ X , there is an
n
2 -dimensional linear subspace Lx satisfying that x ∈ Lx ⊆ X . By Proposition
3.6, X cannot be a smooth complete intersection of two hyperquadrics.
(iii) Fix an arbitrary point x0 ∈ X . LetZ = {V (f)|f = λ1f1+λ2f2, [λ1, λ2] ∈
P1}. By Lemma 3.3, for any Z ∈ Z, x0 ∈ Zsm.
Let B =
⋃
Z∈Z
(Tx0Z ∩X). Note that for any Z ∈ Z, Tx0Z ∩ X is a divisor
of X and as a closed subscheme of Pn+2, deg(Tx0Z ∩ X) ≤ 4. If B ( X ,
then it is a possibly reducible variety of pure dimension n − 1, and there is a
divisor D with Supp(D) ⊆ B such that for general Z ∈ Z, Tx0Z ∩ X = D.
However, if Z1, Z2 ∈ Z are different hyperquadrics, then X = Z1 ∩sch Z2 and
Tx0Z1 ∩ Tx0Z2 = Tx0X . Thus, Supp(D) ⊆ Tx0X . Since n ≥ 3, dim(D) >
dim(X)
2 . By Theorem 1.1(i), dim〈Supp(D)〉 ≥ n + 1. It is a contradiction.
Hence, X = B =
⋃
Z∈Z
(Tx0Z ∩X) ⊆
⋃
Z∈Z
(Tx0Z ∩ Z).
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Consequently, for a general point x ∈ X , there exists some Zx ∈ Z such
that x ∈ Tx0Zx ∩ Zx. By Lemma 3.5, there exists an [
n+1
2 ]-dimensional linear
subspace Lx in Pn+2 such that x0, x ∈ Lx ⊆ Zx. Without loss of generality,
we can assume that Zx 6= X1. By taking a similar argument with the last
paragraph of the proof of (ii), we can deduce from the generality of x that
Lx * X , Lx ∩sch X1 is irreducible, and it has multiplicity one on the unique
irreducible component. Thus, Qx = Lx ∩sch X1 ⊆ X is an [
n−1
2 ]-dimensional
quadric passing through x0 and x.
4 Application to quadratic varieties
LetX ( PN be an n-dimensional nondegenerate smooth projective variety swept
out by m-dimensional quadrics passing through a fixed point x0. In [KS], Kachi
and Sato showed that if m ≥ 3n5 + 1, n = 5, 6, 10, or m ≥
3n
5 , n ≥ 4, n 6= 5, 6, 10,
and each Qx is smooth, then X is a hyperquadric. Then in [Fu, Thm. 2] it has
been proved that if m ≥ [n2 ]+2, then X ⊆ P
n+1 is a hyperquadric. Moreover in
[Fu, Prop. 3] it has been shown that if m ≥ [n2 ] + 1 with n ≥ 3, and if N ≥
3n
2 ,
then X ⊆ PN is projectively equivalent to one of the cases (a)− (e) in Theorem
1.2. Thus our Theorem 1.2 can be considered as a refinement of [Fu, Prop. 3].
For further generalizations of [KS] and of [Fu], one can consult [BI].
Proof of Theorem 1.2. By [Fu, Prop. 3], we can assume N < 3n2 . If the
Hartshorne Conjecture holds or if X is quadratic, then X is a complete in-
tersection in PN by [IR]. By Theorem 1.1, we have deg(X) = 1, or 2. Since
X ( PN is nondegenerate, deg(X) = 2 and dim(L) = dim(X) + 1, where
L = 〈X〉. Hence, L = PN and X is a hyperquadric.
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